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Some Theorems relating to Groups of Circles and 

Spheres.* 

By Wm. Woolsbt Johnson. 



1. In the earliest of Cayley's published papers, and that which stands first 
in his collected works — " On a Theorem in the Geometry of Position," Cam- 
bridge Math. Journal (1841), Vol. II, p. 267 — the theorem for the multiplication 
of two deterrhinants (then new) was applied to Oarnot's problem: To find the 
relation which exists between the distances of five points in space. The same 
method is applied to find the relation between the distances of four points in a 
plane, and the additional relation which exists when the points are on the 
circumference of a circle. The mP^ row of the first of the determinants multi- 
plied together is 

where x , y are rectangular coordinates, and the riP^ row of the second is 

1, — 2a;„, — 22/„, xl-\-yl; 

so that the corresponding element of the product is 

or the square of the distance between the points {x^, 2/m) and (a;„, ?/„). Taking 
the same four points in each of the factor determinants, and adding to the first 



the fifth row 








1, 


0, 


0, 


0, 


and to the second the fifth row 








0, 


0, 


0, 


1, 



and to each a fifth column of zeros, the product is zero, and the required general 
relation is found. Again, if the four points lie on a circle, each factor determi- 

* Some of the results contained in this paper were presented to the British Association at the Leeds 
meeting in 1890. 
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nant is zero without the additional row and column and the product is zero, 
giving the special relation. 

2. By an extension of the method the m**' row of the first determinant is 
taken as 



•^m ~r Vm 'mt "^m) 



f/m 



where r^ is the radius of a circle whose centre is (x™, p^), and 

as the «**' row of the other, so that the corresponding element of the result is 

{x^ - XJ + (2/^ - YJ - rl, - Bl , 

which is defined as the relative power of the circles {x^, y^, ry^ and (X„, F„, i2„), 
these circles belonging to two separate groups. Then, V, if there be five circles 
or six spheres in each group, the product or determinant of powers is equal to 
zero, and 2°, if there be four circles or five spheres in each group, the power 
determinant is the product of two determinants each of which depends upon 
one of the groups. 

Mr. Lachlan has developed a great variety of geometrical consequences, 
derived principally from the first of these theorems, in his memoir " On Systems 
of Circles and Spheres," Phil. Trans. Vol. 177, (1886), p. 481. It is the object 
of the present paper to point out some other results derivable from the second 
theorem, and particularly to evaluate the power determinants for groups of 
smaller numbers of circles and spheres. 

3. Let the four circles whose centres are (ajj, y^ 
radii are ri . . . . r^ be denoted by a, h, c, d, and put 

A + fi-A 

xl + yl — ii 
xl + yl — Ti 

then for another group of circles A, B, C, D we have 
1 -2Xi -27i X^+Y! — E\ 
1 _2Xa -2Y, Xi+Yi-EI 



{x^, 2/4) and whose 



Xi 


yi 


1 


Xi 


y% 


1 


X3 


y% 


1 


Xi 


yi 


1 



= A (a, h, c, d)) 



(1) 



-2X3 
— 2X4 



~2F3 

-2F, 



X| + YI 






= — 4A(^,5, G,D). 



M) 


{aBy 


(aC) 


{aD) 


(bA) 


(bB) 


(bC) 


(bD) 


(cA) 


(cB) 


(cG) 


(cD) 


(dA) 


(dB) 


(dG) 


(dD) 
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Denoting the relative power of the circles a and A by {a A), etc., we have by 
multiplication 



= ~4A{a,b,G,d)A{A,B,G,D). (2) 



4. The relative power of two circles as {a A) is the square of the distance of 
their centres diminished by the sum of the squares of the radii. When the 
circles intersect it is 2Rr coso, where a is the internal angle of intersection, and 
it vanishes for two circles which cut at right angles. When one of the circles 
reduces to a point, it becomes what is usually called the power of the point rela- 
tively to the circle and vanishes for a point on the circumference. When both 
circles reduce to points, it is the square of their distance. 

6. In equation (1) the elements in any row may be called the elements of 
the corresponding circle. For the circle altogether at an infinite distance the 
first element is infinitely greater than either of the others. Dividing out this 
infinite element, we may take for the elements of the circle at infinity 

1, 0, 0, 0. 

To preserve equation (2), it is then obviously necessary to take unity as the 
power of any finite circle relatively to infinity, and zero as the power of infinity 
relatively to itself. 

Again, if the circle become the straight line whose equation is 

a; cos a + 2/ sin a = j»o, 

putting p for the infinite distance of the centre from the origin, the elements are 
p2 — y2 or {p + r)po, pcosa, psina, 1, and dividing by the infinite radius of 
the circle we may take them to be 

2pq, cos a, sin a, 0. 

It follows that to preserve equation (2), the relative power of this line and the 
finite circle (X, F, R) must be taken as 2po — 2Xcosa — 2Fsina, or twice the 
perpendicular from the centre of the circle to the line (as is indeed otherwise 
evident), the side of the line on which p is positive being regarded as the outside 
of the infinite circle. The power of infinity relative to a straight line must be 
taken as zero, and the relative power of two lines as — 2 cos (a — (3); or, since 
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the side ou which p is positive is taken as the outside, it is twice the cosine of 
the angle between the insides of the lines, agreeing with the expression 2rR coso, 
which is now to be divided by the product of the radii of both circles. 

6. Making the second group of points in equation (2) identical with the first, 
we have for the symmetrical determinant of mutual powers 



-2rf 


{ah) 


{ac) 


{ad) 


{ah) 


-2.1 


{he) 


{hd) 


{ac) 


{he) 


-1r\ 


{cd) 


{ad) 


{hd) 


{cd) 


— 2rl 



4A^(a, h, c, d), 



(3) 



in which for {aa) is put its value — 2r| , etc. 

It follows from this equation that the value of A (a, 6, c, c?) is independent 
of the position of the origin and axes. 

Thus A (a, 6, c, d) depends only upon the configuration of the four circles. 
If one of them, say a, is removed to infinity, A becomes infinite, but taking the 
reduced elements, as in §5, we have 

= A(oo, h, c, d)-= A{b, c, d), 



»2 


2/2 


1 


Xs 


2/3 


1 


X^ 


^4 


1 



or double the area of the triangle whose vertices are the centres of 6 , c and d . 

7. The elements of the first column in the determinant A, equation (1), 
are the powers of the origin, 0, with respect to the circles a, h, c, d; that is, 
in the notation adopted, {Oa), {Oh), {Oc) and {Od). Denoting the correspond- 
ing minors hj a, ^, y, S we have 

a{Oa) + (3 {Oh) + y {Oc) + S {Od) = A{a, h, c , c^) = constant (4) 

for all positions of . Moreover, since, if we replace the first column of A by 
a column of units, we have 

a + ^ + y + 8 = 0, (5) 

we may, by subtracting {a + l3-{-y + ^)B'=0, replace {Oa) .... {Od) by 
{Oa) — B^. . . . {Od) — B^, the powers of a circle whose centre is and radius B 
relative to a .... c^. Thus equation (4) expresses a linear relation between 
the powers of any circle with respect to four given circles. 

8. If we eliminate a, (3, y, S and the constant between four equations of 
the form (4) (in which A, B, C, D respectively are put for 0) and equation (5), 
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we shall have a relation between the powers which appear in equation (2), 

namely 

{a A) (aB) {a (J) (aD) 1 

(bA) (bB) (bC) \bD) 1 

{cA) (cB) {cO) {cD) 1 

IdA) (dB) (dC) (dD) 1 



= 0, (6) 



the same relation which is obtained for two groups of five circles, the fifth circle 
in each group being at infinity. 

Valvies of A. 

9. In equation (4), let be the circle orthogonal to 6, c and d; the equation 
reduces to 

A{a,b, c, d)=: {Oa).A{b, c, d); (7) 

that is, the value of the A of four circles is the power of any one of them relatively 
to the circle which is orthogonal to the other three, multiplied by the double area of 
the triangle whose vertices are the centres of these three circles. In (7), Aib, c, d) \s 
positive when the rotary direction bed is positive. 

If b, c, d are fixed circles, is fixed, and the circles, a, which satisfy 
A (a, b, c, d)=. constant are those which have a fixed power relatively to 0, or, 
what is the same thing, those which cut orthogonally a certain fixed circle con- 
centric with 0. 

10. It follows from equation (7) that A vanishes when a is orthogonal to 0; 
that is, when there exists a circle which cuts all four circles orthogonally, or, when 
the four circles have a common radical centre. 

If the centres of 6, c and d lie in a straight line, the factor A (6, c, d) van- 
ishes, but A (a, b, G, d) does not vanish in this case, for becomes a straight line, 
so that (Oa) contains an infinite factor, namely, the radius of the infinite circle 0, 
the cofactor being, as in §5, twice the perpendicular upon the line from the centre 
of a. The radius of a does not now enter the expression, so that a may be taken 
as a point. If 6, c and d are also points, we readily derive a new expression for 
A in this case. For is now the circle circumscribing the triangle bed, and 
denoting its radius by jB, we have 4i2xarea = product of sides, therefore 

A{a,.b, c, d)= 2BpA{b, c, d)= 4^BpXSiTea,=p.bc.cd.db; 
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that is, ifh, c, d are points on a straight line, and a is at a distance p from it, 

iCi 2^1 1 

A + yl «» Vi 1 
A + lA »3 Vz 1 

A + y\ Xi «/4 1 



■=.p.hc,cd'.dh, 



(8) 



the first element being omitted because its corresponding minor, vanishes by 
hypothesis. 

11. When one or more of the circles a, 6, c, c? is replaced by co or by a 
straight line, the elements being modified as in §6, the value of A is modified 
accordingly. Thus, as mentioned in §6, if oo is put for a, A (a, &, c, d) becomes 
A (6, c, d), the double area of the triangle of centres of the circles h, c, d. If, 
furthermore, one of the three circles becomes a straight line, the modified value 
of A is readily seen to be the projection upon this line of the distance between 
the centres of the two circles remaining finite. 

12. If a becomes a straight line, h, c, and d remaining finite circles, the 
general value of A, equation (7), holds if we modify accordingly the meaning of 
(Oa) as explained in §5, namely, {Oa) is twice the perpendicular from the centi-e 
of upon a. That is to say, given a straight line and three circles, we have 



2i>o 

4 + yl — '4 
4 + yl—rl 



cos a 

^3 



sma 
2/1 

2/3 



= 2p 



Xi 


y\ 


1 


Xi 


y% 


1 


Xa 


2/3 


1 



(9) 



which gives an expression for p the perpendicular upon a given straight line 

from the centre of the circle orthogonal to three given circles. 

If X and F are the coordinates of the centre of , we have in the notation 

employed 

p=.p^ — Xcosa — Fsina, 

which becomes X when ^o = , cos a = — 1 , and becomes F when p^ — ^, 
sin a = — 1 ; hence the coordinates of the centre of the circle orthogonal to 
(a;i, 2/1, ri)(iB2, 2/a, r^i^z, y^, n) are given by 



x\ + yl-rl 


2/1 1 




Xi 


yi 




4 + yl-rl 


2/a 1 


= 2X 


X, 


2/2 




xl + yl-7i 


2/3 1 




Xg 


2/3 




c4 + y\-'>i 


x^ 1 




Xi 


2/1 




xl + yl-^2 


X, 1 


= — 2F 


Xi 


2/3 




4 + yl-^s 


Xg 1 




Xs 


2/3 
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13. If & as well as a becomes a straight line, the circle orthogonal to b, c, d 
has its centre on this line b , that is, at the intersection of this line with the radical 
axis of c and d. liet p denote the perpendicular from this point upon a, and q 
the projection on b of the distance between the centres of c and d.' Then (Oa) 
becomes 2pBi and A(b, c, d) becomes qBz, where ^j and B^ are the infinite 
radii divided out in writing the modified form of A. Another expression 
for A arises from taking the finite circles to be a and b. Letilf be the intersec- 
tion of the lines c and d, and let A and B be the centres of the circles. Then 
is the circle whose centre is at M and whose squared radius is M& — rl . The 
power (Oa) is therefore MA^ — MB^ — rl + rl, while A{b, c, d) when divided 
by the infinite factors becomes sin (^ — a) . Thus we have the two expressions 

af + 2/i — -^i xi 2/1 1 

= 2pq = (M«— MB^— ri + r|) sin {(3— a) , (10) 



4 + f2- 


-ri x^ 


2/2 


1 


2po 


cos a 


sin a 





M 


cos/? 


sin|5 






where q is the projection of the distance between the centres of the circles upon 
one of the lines, ^ the perpendicular from the intersection of this line with the 
radical axis of the circles upon the other line, M the intersection of the lines, and 
A and B the centres of the circles. 

14. When three of the four circles become straight lines, the fourth being 
finite, the value of A (a, b, c, d) is independent of the latter and becomes 
twice the product of the perpendicular upon one of the lines from the intersec- 
tion of the other two into the sine of the angle between these two lines, or the 
product of the sides of the triangle formed by the three lines divided by twice 
the square of the radius of its circumscribing circle. 

The Power Determinant for Groups of Four Gi/rcles. 
16. The determinant of powers of two groups of circles is denoted by 
n Q' ^' y ^Y then equation (2) is 

"(1; V, V, ^)=-4A(a, J, c, c^)A(4, 5, G,D). 

We notice in the first place that the value of 11 depends only upon the configu- 
ration of the two groups respectively, and not upon their relative position, so 
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that, iiahcd and ABCD are two given quadrilaterals, the value of TI T . ' n' ^' jyj 

is unchanged when the relative position of the quadrilaterals is altered. 

The value of nf^' „' p jy) vanishes when either A vanishes; that is, 

when either group has a common orthogonal circle (or common radical centre). 
When the two groups are identical, we have 



ne;';o;^) = -^^'(''.*'<'.<^). 



which is always negative. If a, h, c, d are points, we have, for the general 
value of the quantity which vanishes when the points are concyclic, 






'aP 


Tc' 


ad? 


^2 





h<? 


M 


ac^ 


T^ 





^ 


^cP 


W? 


Vd? 






= — A{Oa' —B?y^^ {h, c, d), 



(11) 



where A is the double area of the triangle hcd, the centre and B the radius of 
its circumscribing circle. 

The Power Determinant for Groups of Three Circles. 

16. Now let a, h, c and A, B, C be any two groups of three circles each ; 
take for d the circle orthogonal to A, B, C, and for D that orthogonal to a, b, c. 
(The centres are the radical centres of the groups and the radii may of course be 
imaginary.) Then, in equation (2), the powers (aD), (ID), {cD), {dA), (dB), (dC) 
vanish, and we have 



(dD) 



[aA] 


(aB) 


(aC) 


(bA) 


(bB) 


(bC) 


(cA) 


(cB) 


(cC) 



= — 4A(a, b, c, d)A{A, B, C, D); 



but, by equation (7), 

A(a, b,G,d) = — {Dd).A{a, b,c), A{A, B, C, D) = — (dD).A{A, B, C), 
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hence 



y.{a, h, c\ _ 



(aA) (aB) (aO) 
{bA) (IB) {bC) 
(cA) {cB) (cG) 



■4A{a, b, c)A{A, B, G)(dl)).* (12) 



That is, the power determinant of two groups of three circles each is — 16 times 
the product of the areas of the triangles formed by the centres of the groups and the 
relative power of the circles respectively orthogonal to the two groups. 

it follows that the power determinant of two groups of three circles each van- 
ishes when the circles respectively orthogonal to the two groups cut each other 
orthogonally. 

17. If the two groups are identical we have 



n 



/a, b, c\ 
\a, b, c) 



— 2rf 


{ab) 


{ac) 




{ab) 


— 2r| 


{be) 


= 8A*(a, b, c)R 


{ac) 


{be) 


-2ri 





(13) 



where R is the radius of the circle oi'thogonal to the group. This expression 
vanishes when B=-0; that is, when the three circles pass through a common 
point. It does not, however, vanish when A (a, b, c) = (that is, when the 
centres of the circles are in a straight line), because R is then infinite, unless the 
circles have a common radical axis, in which case R is indeterminate. Thus 

n ( ' T ' ) vanishes only when the three circles have one common point, or two 
\a, o, 0/ 

common points real or imaginary. 

But, when the centres of a, 6, c lie in a straight line, the determinant 

nf ' j^' ) admits of reduction. Denoting the sides of the triangle opposite the 
\a, o, Gj 

centres of a, &, c by c?i, cjlj, c^s respectively, and supposing dx=-d^-\- d^, we shall 

find 

n («; &; = ^ K (^i + *•? - ^1) + ^3 (^^ + »i - ri)]i (14) 



*It is erroneously stated in Mr. Lachlan's memoir that 

L U, 5, 6/J U, 2, z] U, 5, ey 

(Phil. Trans., Vol. 177 (1886), p. 493). This would imply that the power determinant for groups of 
three circles depended only upon the configuration of the groups and not upon theii relative position. 
This property belongs only to groups of four circles. See ?15. 
10 
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The quantity in brackets may also be written 

or symmetrically, ii di -\- ds + dg = , 

— did^dg — dirl — d^7^ — d^fg . 

18. If, in equation (12), the centres of a, 6, c lie in a straight line, so that 
A (a, h, c) vanishes, H T ^' „' ri) does not vanish, because {dD) is then infinite, 

its value being ipB, where p is the perpendicular from the radical centre of 

A, B, (7 upon the straight line, and B the infinite radius of the circle orthogonal 
to a, h, G. We have then 

^{a,B, ^) = -8i>i2A(a, 6,c)A(4,5, G). 

Comparing equations (13) and (14) and disregarding sign, we have for the value 
of i?A(a, h, c), when the centres lie in a straight line and their distances are 
so taken that dx-\- d^ -^ dg=- 0, 

2 J? A (a, 6 , c) = d^d^dg -f d^rl + d^7% + d^rl. (15) 

Substituting, we have for this case 

n Q'^ |j; ^) = 42)A(J., B, C){d,dS, + dA + d,rl + dA). (16) 

If the centres of A, B, G are also in a straight line, and a is. the angle between 
the lines, p becomes infinite and = p cos a , where p is the radius of the orthogonal 
circle, and we have, for this case, 

^(ab'g) = ^ cos 6) {d,d,d, + d,rl + d,7i + d,rl) ) ^^^^ 

{D,D,D, + D,Bl + D,Bl + A^l) • 3 

19. Let a, h, c be circles passing through a common point, and let A, B, G 
be points, then B is the common point of a, b, c, and d is the circle passing 
through A, B, G; hence, if this circle passes through the common point, the power 
determinant vanishes. If any point on d, say D^ , be joined with the common point 

B , its powers relatively to a , 6 and c are proportional to the distances from Bi to the 
other intersections of this line with a, h and c respectively. Thus, if four circles 
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pass through a common point, and three straight lines through this point meet 
the circles again in A^, B^, C-i, Dy, etc., we shall have 



A^i 


AA 


AA 


DA, 


AA 


AC2 


DsA 


AA 


A^3 



= 0. 



(18) 



20. When one or more of the circles are replaced by lines, the powers being 
taken as in §5, the value of 11 is modified by the omission of infinite factors and it 
is easy to make the corresponding modification of the second member of equa- 
tion (12). Thus if a be a straight line, P^, P^, Pg being the perpendiculars from 
the centres o^ A, B and G, the theorem is 

2Pi 2P2 2P3 

=^-AqA{A,B, G).{dD), (19) 



(M) 
{oA) 



(IB) (bG) 
(cB) (cG) 



= -4Qq{dD), 



(20) 



where q is the projection upon the line a of the line joining the centres of 
b and c, taken with the sign which would be given to A (a, b, c). 
Again, if there be a line in each group, we have 

2 cos o 2P3 2Ps 
2p, (bB) (bG) 
2ps (cB) (cG) 

where a is the angle between the lines on that side of each on which the per- 
pendiculars have like signs. 

If there be two lines in one group, say A and B are lines, we have, dropping 
the factor 4, 

Pi P'\ {aO) 

= — A (a, b, c) sin a{dD), (21) 



Pi> 

P3 



Pk 



{bG) 
{cG) 



where a is the angle between the lines and the signs of the perpendiculars are so 
taken that A (J., B, G) would be positive. 

If there be two lines in each group, we have in like manner 
2 cos {a A) 2 cos {aB) 2P| 

2 cos (54) 2 cos (65) 2P2 =~4:sm{ab)sm{AB).{dD), (22) 
2^1 2p, (c(7) 

where cos (aA) is the cosine of the angle between the lines a and A , etc. 



Pi 


K 


pi' 


Vi 


p'. 


pi' 


p% 


pi 


pi' 
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If one group, say A, B, G, consists of three straight lines, the theorem is 
concerned only with the centres of the circles, hence the other group may be 
taken as points. If i? is the radius of each of the infinite circles and a, (3, y the 
angles at which they intersect, A{A, B, 0) = i? (siil a + sin ^ + sin 5/) and 
(Dd) = — p^ where p is the infinite radius of the circle orthogonal to A, B, 
and G, see §5. Now p^ is the power with respect to either of the circles A, B 
or G of the radical centre, which becomes the centre of the inscribed circle of the 
triangle formed- by A, B and G; this is readily shown to be 2Er, r being the 
radius of the inscribed circle. Substituting and rejecting the infinite factor B^, 
we have, on dividing by 8, 



= A(a, 6, c)r (sina + sin |S + sin y). (23) 



The factor r (sin a + sin /? + sin y) is equivalent to the area of the triangle 
formed by the lines A, B and G divided by the radius of its circumscribed 
circle. Thus the theorem is : Given three points and three straight lines, the 
determinant of the nine perpendiculars is equal to twice the product of the areas 
of the triangles formed by the points and by the lines divided by the radius of 
the circle circumscribing the latter. This theorem is also readily derived by the 

multiplication of two determinants whose values are A (a, b, c) and p • 

Finally, if both groups consist of straight lines, U. vanishes since D and d are 
both at infinity, so that (dD) = , the elements of the determinant now being 
the cosines of angles such that the corresponding diflferences in the several rows 
are equal. 

The Power Determinant for Pairs of Gircles. 

21. Now let a, h and A, Bhe any two pairs of circles ; take for G in equa- 
tion (12) any circle of the system orthogonal to a, h, and for c, any circle of 
the system orthogonal ioA,B. Then H (^ J' ^) reduces to {gG)YI Q' ^) . 

Since D is orthogonal to a, h and c, and d to A, B and (7, we may state the 
conditions imposed upon G, D, c and d thus : G and D are two of the system 
orthogonal to a and h, and c, d are two of the system orthogonal to A and B, 
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with the condition that c is orthogonal to D, and d to O . Equation (12) then 
becomes 



n 



U, b) - 



(aA) [aB) 
{bA) {IB) 



= — 4A(a, h, c)A{A, B, O) 



{cC)- 



Let us for the moment denote the centres of the circles by O, D, c and d; 
then G and D are upon the radical axis of a, b, and c and d upon that of A, B. 
Let P<, denote the perpendicular from c upon the line of centres of a, 6, and P(, 
the perpendicular from G upon the line of centres of A, B; then the equation 
becomes 



^(1:b)=-'^-^-^^P'PoI 



cG)' 



(24) 



where ab and AB are the distances between the centres. 

Let the common chord of a, b be 21 and o its middle point; let the radi- 
cal axis of a,b meet the line of centres of ^, jB in i, and let a be the angle 
between the lines of centres. 

Now let D in (24) be placed at i; then the circle c becomes the line of 
centres of J., B, and the point c is at an infinite distance p, and we shall have 

P(,=pCOSG), {cG)= 2pP(,. 
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Substituting in (24), we have 



{aA) (aB) 



^\A,BJ- (bA) {hB) 



= — 2ab AB cos a (dD) . (25) 



In this equation the point d is any point upon the radical axis of J., B, but (dD) 
is determinate, for the centre of D is now at i on the radical axis of the system 
to which c and d belong. Thus 

(dD) = i'd' -\-L' — (i? — P) = W~IO'— w' + L'-\- f, (26) 

If the circles a, 5 do not intersect, we must of course substitute for P, — r^, 
where r is the distance from o of the limiting points of the coaxial system to 
which a and b belong. 

22. When a = 90°, the value of 11 does not vanish, because {dD) is then 
infinite. In this case, let the perpendicular from o to the line of centres oi A, B 
be denoted by h, and that from to the line of centres of a, b by H. Then the 
limiting value of {dD) cos w is readily shown to be — 2hH; and we have when 
the lines of centres are at right angles, 

In fact, it may be shown that in this case j-p{ i'^ equation (24) becomes — 1. In 

(27) ^and h are positive when on the left of the direction a to 6 , and Aio B 
respectively.. 

23. When a6 = ; that is, when the circles a and- b are concentric, TI again 
assumes an indeterminate form. Since o is now indeterminate, we may employ 
(27), in which h is now infinite. From the properties of the radical axis we 
have ao^ — bo^ = rf — r|, whence at the limit a6. 2A = rf — r| and the equation 
becomes 

n (X' I) = 2 M - ^i) ^-S. (28) 

In like manner, when both pairs of circles are concentric, the expression 
reduces, as it should, to (rf — r|)(iB| — Bf). 

24. The value of 11 T^' J vanishes only when {dD) defined by (26) van- 
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ishes ; in other words, when one of the system of circles orthogonal to one pair 
of circles, say a, 6, belongs also to the coaxial system defined by the other pair 
A,B. 

Application to Spheres. 

25. The relative power of two spheres is defined in the same manner as 
that of two circles, so that it is the same as that of the sections made by any 
plane passing through the centres. It is also the same for the sections made by 
any plane passing through one of the centres, but not for any plane whatever. 

The application to spheres of the methods employed above is so obvious that 
we shall only mention the general results, which of course require similar modi- 
fication in the special cases when one or more of the spheres is replaced by a 
plane or by the sphere at infinity. 

Thus, we have for any group of five spheres the determinant A (a, h, c, d, e) 
whose rows are of the form 

a? + y'' + ^ — r', x, y, z, 1, 

(cc, y, z and r being in each row the rectangular coordinates of the centre and 
the radius of one of the spheres), and whose value is independent of the position 
of the origin and axes. This implies a linear relation between the powers of any 
sixth sphere relatively to the five given spheres. The value of A (a, h, c, d, e) 
is the power of one of the spheres relatively to that which cuts the other four 
orthogonally multiplied by six times the volume of the tetrahedron whose ver- 
tices are the centres of these four spheres, 

A (a, h , c, d, e)=. 

is the condition that five spheres shall have a common orthogonal sphere, and 

A (a, h, G, d, z) ^ constant 

imposes upon the variable sphere z the condition that it shall cut orthogonally a 
certain sphere whose centre is the radical centre of a, b, c and d. 

26. The power determinant of two groups of five spheres, each is 

n(l',l; ^;^;l)=8A(a, 5, c, d,e)A(4, 5, G, D, E), (29) 

which depends only upon the configurations of the two groups, and not upon 
their relative positions, and which vanishes when either group has a common 
orthogonal sphere. 
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The Power Determinant for Groujps of Four Spheres. 

27. For the power determinant of two groups of four spheres each we 
derive as in §16, 



^^\A,B, G,d) = 



1 

I 



(aA) (aB) (aG) (aD) 

(bA) (bB) (bG) (bD) 

(cA) (oB) (cG) (cD) \- (30) 

(dA) (dB) (dG) (dD) 

= 8A(a, b,c,d)A{A,B, G,D).{eE) 

where A (a, h, c, d) now denotes six times the volume of the tetrahedron whose 
vertices are the centres of a, b, c and d, and e and B are the spheres orthogonal 
respectively to the two groups. 

That is, the power determinant of two groups of four spheres each is 288 
times the product of the volumes of the tefrahedra formed by the centres of the groups 
and the relative power of the spheres respectively orthogonal to the two groups. 

It follows that this determinant vanishes when the spheres respectively orthogo- 
nal to the two groups cut each other at right angles. 

When the two groups are identical we have 

B being the radius of the sphere orthogonal to the group. 

The Power Determinant for Groups of Three Spheres. 
28. For groups of three spheres we obtain as in §21, 

^(a,B, ^) = 8A(a, &,c,cZ)A(^,5, G, D)^^, 

where d and e are orthogonal to A, B, G, and D, E to a, b, c; D being also 
orthogonal to e and E to d. Operating as before, this becomes 

nQ' ^' ^) = 4A(a, b, c)A{A, B, G)cosa{eE), (32) 

in which A {a, b, c) and A{A, B, G) are the double areas of the triangles 
whose vertices are the centres of the spheres of the respective groups, w is the 
angle between the planes of centres, and 

{eE) = W — i& — m + V + L\ (33) 
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where the two groups of spheres are supposed to have the common chords 2/ 
and 2X, o and being their middle points, and where * is the point in which the 
radical axis of a, 6, c meets the plane of centres of J.; ^, C, I the point in 
which the radical axis of A, B, G meets the plane of centres of a, b,- c. 

In equation (32), a is the angle between those aspects of the planes in which 
A{A, B, G) and A (a, h, c) have the same sign. When the planes are coinci- 
dent, 0)= 180° and the equation reduces to equation (12), lo and iO vanishing 
in the value of {eE) . 

29. If the three spheres a, 6, c do not intersect, we must replace Z^by — r*, 
where r is the radius of the circle orthogonal to the three spheres. When this 
circle is real for each group we have 

(eE) — W — 0—TO^ — r^ — W, 

and this quantity may be defined as the relative power of the two plane circle^ 
in question, which are not in the same plane, whose centres are at o, and 
whose radii are r, R; i and /being points in each of which the axis of one circle 
cuts the plane of the other. 

From the mode in which (eE) arises, it is obviously the same as the relatlvje 
power of two spheres passing through the circles and having both their centres 
in the plane of one of the circles. It vanishes when the circles are such that a 
sphere can be passed through one of them which shall cut the other circle 
orthogonally. 

The power determinant of two groups of three spheres each vanishes when 
the circles respectively orthogonal to the groups have this relation. 

30. When the planes of the centres of the two groups are perpendicular, the 
value of n, when reduced as in §22, becomes 

nQ'J' ^^^ = -SA{a,b,c)A{A,B,C)hH, (34) 

where h and E are the distances of o and from the planes of the centres of 
A, B, G and a, b, c respectively. 

31. When A(a, 6, c) = 0, that is, when the centres of a, b and c are in a 
straight line, we may take the plane of centres perpendicular to that of ^, B, C, 
and so employ (34), in which h is now infinite. In fact, if B is the infinite 
radius of the circle orthogonal to a, b, c, and ^ the inclination of the line of 

11 



1 14 Johnson : Some Theorems relating to Groups of Circles and Spheres. 

centres to the plane of centres of j1, B, G, we have h = E cos^; hence, employ- 
ing the notation of §§17 and 18, we have by equation (15), disregarding sign, 

n (^ ' J ' ^) = 4 (dAds + dA + d,r\ + d.r''^ cos^A{A, B, O) H. (35) 

When ^ =: 0, this reduces to equation (16). 

In like manner, if the centres of A, B, G are also in a straight line, 

n(l:l;o) 

= 2 {d,d^s + d^ri + dA + dsri){D,D^s + A^f + A^^a + A^D cos ^ cosi/., 

where ^ and il- are the inclinations of the lines of centres of a, b, c and A, B, C 
to two mutually perpendicular planes passed through the line of centres of 
A, B, G and a, b, c respectively. Thus, if 6 is the angle between two lines 
parallel to the lines of centres, we have in this case 

"(!', B, c)=HdAd,+d,rl+d,rl+dsrl){D,D,Ds+D,Rl+I),Bl-\-DsBi)co8e. (36) 

This is identical with equation (17), in which, however, the two lines of centres 
were supposed to intersect. 



